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I. INTRODUCTION 
While in astrophysics the conventional theory of radiative transfer does 
not take into account the leakage of radiation from a star as an irreversible 
process, the diffusion of thermal neutrons in a nuclear chain reactor is usually 
treated in terms of time-dependence (cf. Davison [II], Weinberg and 
Wigner [26]). 
On the other hand, however, the nonstationary transfer problems of radia- 
tion will be sometimes met in both astrophysics and physics. First the case 
in which the mean time of the survival of a photon in the medium is small 
compared with the time in which the considerable change of the intensity 
occurs will be left out of consideration, because it can be treated in each 
moment as a stationary process. Then, apart from the above, from the 
statistical viewpoint of multiple scattering of a photon, it is reasonable to 
consider separately the following two cases A and B: 
Let t, and t, be respectively the mean time of the survival of a photon and 
the mean time between two successive scatterings. In the terminology of 
physics they may be also called the duration of temporal capture and the 
mean free time, respectively. They are usually not of the same order of 
magnitude. In case A for diffusion of imprisoned resonance radiation through 
a gas whose density is moderate we have t, > t,. In case B for the transient 
transfer problems in astronomical objects consisting of dilute gases and dusts 
t, > t, holds. These latter processes will be considered in the envelopes of 
novae, the planetary nebulae and cosmic clouds. In the kinetic theory of a 
moderate dense gas with slowly varying macroscopic quantities, assuming 
t, > t,, Uhlenbeck [25] discussed the contraction of the equations describing 
the state of the gas. 
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In case A the escape of imprisoned radiation as time-dependent radiative 
transfer problem was first considered by Milne and later by Chandrasekhar 
WI, assuming that the radiation field has a nonstationary character 
in terms of the various rates of excited atoms. The recent global approach of 
the transfer problems of radiation originally due to Ambarzumian [l] has 
been greatly extended by Chandrasekhar [lo]. In a manner similar to that 
used in the Ambarzumian technique, formulating the integral equation 
governing the probabilities of escape of a quantum from a one-dimensional 
medium during a given time interval for both extreme cases A and B, 
Sobolev [20, 211 treated the fluorescence of the medium after the extinction 
of light sources and also the stellar radiation after the separation of the 
envelope from the star with the aid of the above equations. In order to 
study the interaction between gas motions and radiation, the problem of 
light scattering in a medium with a moving boundary was discussed by 
Kaplan, Klimishin and Sivers 1151 based on Sobolev’s probability method. In 
the problem of nonstationary radiative transfer in a star the mean time of 
escape of energy from a star is computed by Sobolev [22]. 
In case B the linearized Boltzmann transport equation was solved by the 
alternate procedures: the direct and indirect. The direct procedure whose 
characteristic feature consists in the retaining of the time-dependence in the 
transport equation was employed by several authors. 
Making use of modern functional analysis and applying the semigroup 
theory of operators, Lehner and Wing [16, 171 dealt with the neutron trans- 
port problem in an infinite slab surrounded by a perfect absorber, under 
certain simplifying assumptions. Extending the invariant imbedding techni- 
que in many earlier studies of the stationary case [2] to the nonstationary 
stochastic processes, Bellman, Kalaba and Wing [4] treated the neutron 
transport in a time-dependent rod. While the integral equation for the 
reflected flux is nonlinear, it can be discussed in detail with the aid of the 
Laplace transform (Wing [28]). The one-dimensional random walk process in 
which each stage consumes one time unit is also considered by Bellman and 
Kalaba [3]. Furthermore, Bellman and Kalaba and Wing [5] discussed the 
Stefan-type of diffusion problem, i.e. a neutron transport process in a one- 
dimensional rod whose length is changing as a function of time. It is shown 
that in studying properties of the solution the Laplace transform is no longer 
useful, because the integral equation governing the reflected flux does not 
involve the integral term of convolution form. Recently, Carlson [8] has 
proposed the S,-method as a powerful numerical approach for solving 
stationary and nonstationary diffusion problems in plane, spherical and 
cylindrical geometries, allowing for any energy distribution and indicatrix 
of scattering, and arbitrary stratification. Following closely the pattern 
used in his earlier studies of the stationary case, Preisendorfer [19] formulated 
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the four time-dependent principles of invariance and derived the functional 
relations governing the time-dependent reflectance and transmittance 
operators. In order to explore the feature of statistical fluctuations in neutron 
density, a few simple models of stochastic processes for nuclear reactors 
were constructed by Medina [18], assuming that the set of conditional 
probabilities in terms of the number of neutrons as a Markov process fulfils 
the Chapman-Kolmogoroff equation. 
On making manifest that the leaking of radiation from a star is an irrevers- 
ible process, the manipulation of inserting the Planck function in the source 
function of the time-dependent ransfer equation was shown to contradict the 
second law of thermodynamics by Wildt [27]. For the purpose of interpreting 
the smoothing of the temperature fluctuations by radiative transfer in con- 
nection with hydrodynamic processes, Spiegel [23] derived a time-dependent 
equation governing the behavior in the temperature field of a medium with 
deviation from radiative equilibrium. Setting up the nonstationary integro- 
differential equation for the distribution of excited atoms and molecules 
ahead of a shock wave front and allowing for the possibility of extinction as 
the result of the scattering process, it is shown that concentrations of atoms 
and molecules excited to resonance levels whose excitation temperature is 
close to the temperature of the shock wave are formed in the cold gas ahead 
of a shock wave front (Biberman and Veklenko [6]). Postulating the general 
recurrence relation of the probability distribution in the random walk 
problem, the time-dependent Boltzmann integral equation for neutron 
transport in a nonmultiplying infinite medium is derived from the transition 
probability in a seven-dimensional phase-time space (Guth and InGnu [14]). 
In the indirect procedure, by means of a Laplace transform, the non- 
stationary transfer problems can be at least formally reduced to the stationary 
ones under the assumption of the time-independent optical properties of the 
medium. In solving in this context, it is switched back to a nonstationary 
problem with the aid of an inverse Laplace transform. In the papers of 
Grosjean [12, 131, Case, de Hoffman, and Placzek [9], Davison [Ill, and Miss 
Busbridge [7], this approach is exemplified. In this context Miss Busbridge [7] 
pointed out that a direct attack on the equation of transfer is to be preferred, 
because of considerable difficulties contained in the mathematical manipula- 
tions. 
In the present paper, in a manner similar to that used in the earlier studies 
of the stationary case [24], the invariance principle in the nonstationary 
diffuse radiation field is formulated and the explicit form of the integral 
equation for the time-dependent S-function is obtained. So far as we know, 
the transient scattering function is new. 
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II. THE EQUATION OF TRANSFER 
Let parallel rays of radiation of intrinsic flux F of Dirac-delta time- 
dependence be incident on a semi-infinite plane-parallel and homogeneous 
atmosphere in the direction - pa. 
In a manner similar to that used by Chandrasekhar in the stationary case 
(cf. R.T.), the angular distribution of the reflected light at the time t is 
denoted by I(0, + p, t) (0 < p < 1). Furthermore, let 1(~-, + CL, t) 
(0 < p < 1) and 1(~, - p, t) (0 < TV < 1) be respectively the intensity of 
the radiation at the time t directed outwards and that directed inwards. 
The time-dependent equation of transfer in the diffuse radiation field 
appropriate to the present case is written in the form 
where x is the geometrical depth, c is the velocity of light, 01 is the volume- 
absorption coefficient, and u is the volume-scattering coefficient. We assume 
the constancy of (y. and u throughout the atmosphere. In Eq. (2.1) 6 is the 
Dirac delta function. 
On putting 
dS=-dz=-!k 1 t u 
Pa ’ 
coI==--, -=u, -=‘Lu, 
IL t1 51 01 
(2.2) 
we get 
together with the boundary condition 
I(0, - p, u) = O(0 < p < 1). (2.4) 
III. THE INVARIANCE OF THE LAW OF DIFFUSE REFLECTION 
In the above case of monodirectional illumination the intensity I(0, CL, U) 
diffusely reflected in the direction p is expressed in terms of a scattering 
function S(u - u,; CL, p,,) in the form 
(3.1) 
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The intensity in the outward direction at any level r at time u in unit of 
mean free time is written in the form 
Z(T, + p, u) = $ jl du’ ~;Z*(T, - p’, u’) S(u - u’; p, p’) dp’, (3.2) 
cl 
where 
Z*(T, - p’) u) = i F exp (- $) Q’ - PO) f3 (u - 210 - +) 
+ Z(T, - p’, 4. (3.3) 
In Eq. (3.3) the first term is due to the intensity of the reduced incident 
radiation and the second term represents the intensity of the diffuse radiation 
field in the inward direction. Then, inserting Eq. (3.3) in Eq. (3.2), we get 
Z(T, + t4 u) = $ exp (- 6) S (14 - u. - i: P, po) 
+ $ j: du’ j:z(~, - $, u’) S(u - u’; /L, /L’) d/L. (3.4) 
0 
This equation provides the mathematical expression of the invariance of 
the law of diffuse reflection. 
IV. THE EXPLICIT FORM OFTHE~NTEGRAL EQUATIONFOR S-FUNCTION 
In a manner similar to that used by Chandrasekhar in the stationary case 
(cf. R.T.), the fundamental integral equation governing the time-dependent 
scattering function is obtained from the equation representing the invariance 
principle by differentiating with respect to 7 and passing to the limit T = 0. 
On differentiating totally Eq. (3.4) with respect to 7 and setting 7 = 0, we 
obtain 
[ 
DZ(T, + CL, 4
I = 
7 
OT r-4 
-&s(u-rr,+,Po~ 
1 F ash - uo ; CL, PO) + $ [as& - uo --T T/PO; t% PO)]~=~ 
4 @2 &L 
+ 6 j::, du’ j: [ F@J iTP” “‘)I S(u - u’; /A, p’) 
T--O 
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On the other hand, using Eqs. (2.3) and (2.4), we get 
(4.2) 
I 
DI(7, - P, 4 1 a](,, - /L, U) 
07 1 [ r-0 = !!h-z;Hl+F au ] r-0 = F J(O, 4, 
(4.3) 
where 
J(0, u) = IWF S(u - U”) + T po, p’, 21) dp’ 
= $wF qu - UJ + *wF 1: S(u - q-J; p’, po) y . (4.4) 
Making use of Eqs. (4.2) and (4.3), after some minor rearrangements of 
the terms, we have 
+ $ s:, du’ s:S(u - u’ ; p, p’) $$ ( s(U’ - U,; CL”, PO) T-1 * c4e5) 
Equation (4.5) represents the integral equation governing the problem of 
diffuse reflection by semi-infinite plane-parallel and homogeneous medium. 
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Allowing for the property of the &function 
S(u - uo) = j-” S(u - u’) S(u’ - uo) du’, 
%I 
(4.6) 
and assuming the symmetry of S-function with respect to TV and pa, from 
Eq. (4.9, the time-dependent S-function can be obtained as follows: 
S(U - u,; p, p,,) = w * f exp (- (U - u’)) du’ 
ull 
x 
s 
u.’ H@’ _ u” , p) H(u” - uo, po) du”, 
uo 
(4.7) 
H(u, /t) = S(u) + 8 1; S(u; p, p’) $$ . (4.8) 
Equation (4.7) provides the new explicit form of the required S-function. 
The mathematical proof concerning the principle of reciprocity will be 
given in our later paper based on the probabilistic method. 
Finally, our acknowledgment is due to Dr. R. Bellman, The RAND Cor- 
poration, for his kind interest on the subject of this paper. 
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